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It is well-known that the beta functions on a string worldsheet correspond to the target space equations 
of motion, e.g. the Einstein equations. We show that the BPS equations, i.e. the conditions of vanishing 

fSj ' supersymmetry variations of the space-time fermions, can be directly derived from the worldsheet. 

CN . To this end we consider the RNS-formulation of the heterotic string with (2,0) supersymmetry, which 

describes a complex torsion target space that supports a holomorphic vector bundle. After a detailed 
account of its quantization and renormalization, we establish that the cancellation of the Weyl anomaly 
combined with (2,0) finiteness implies the heterotic BPS conditions: At the one loop level the geometry 
Qj . is required to be conformally balanced and the gauge background has to satisfy the Hermitean Yang- 

,-J^ I Mills equations. 
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1 Introduction 

The heterotic string [Tl[2] provides a fascinating arena for the study of phenomenologicahy interesting 
string vacua. To obtain N = 1 super symmetric models in four dimensions one often considers string 
compactifications on Calabi-Yau (CY) manifolds with holomorphic vector bundles OH]. The gauge 
background has to satisfy the Hermitean Yang-Mills (HYM) equations. These equations can be solved 
provided that the corresponding vector bundle is stable [5l|6]. In fact, CY compactifications are guar- 
anteed to be applicable only for the so-called standard embedding, in which the gauge connection is 
set equal to the spin-connection. For other gauge fluxes the compactification manifold often possesses 
torsion [Tl|8]. To find solutions to this so-called Strominger system is a non-trivial task, see e.g. [9Hl4j. 

The conditions to preserve A/" = 1 super symmetry in four dimensions are obtained by setting 
the supersymmetry variations of the gravitino, dilatino and gaugino to zero. These supersymmetry 
transformations leave the action of ten dimensional super Yang-Mills coupled to supergravity invari- 
ant |15H17j . There are essentially two ways discussed in the literature to compute this effective action 
and its corrections from string theory. One approach is to compute appropriate string scattering 
amplitudes and compare them with the interactions which the effective action describes |18yi9|. The 
other approach is to determine the target space equations of motion for the bosonic fields by com- 
puting the beta functions on the worldsheet |20H23j . These equations of motion can be lifted to an 
effective action |24j . In either case, the string derivation of the conditions for N = 1 supersymmetry 
in four dimensions is rather indirect. 

The main aim of this paper is to show that these conditions for unbroken supersymmetry can 
be directly obtained by worldsheet considerations. To this end we use the Ramond-Neveu-Schwarz 
(RNS) formulation to describe the propagation of the heterotic string in a bosonic target space field 
background [I1I2]- The corresponding Non-Linear Sigma Model (NLSM) on the heterotic worldsheet 
possesses at least (1,0) supersymmetry. We assume throughout the paper that the worldsheet has 
(2,0) supersymmetry, so that the target space of the string is a complex manifold which generically 
possesses torsion [25]. We study the renormalization of this NLSM using manifest (2,0) superspace 
techniques [26l - [28] . (Recently some quantum aspects of (2,0) theories have been studied in [291130] .) 
This allows us to study the conditions for finiteness [31], i.e. vanishing beta functions, in a fully 
super symmetric fashion. 

However, finiteness is not the critical issue to obtain a sensible string theory; Weyl invariance 
is [32jp: By requiring Weyl invariance at the quantum level certain ambiguities in the beta functions 
are removed and the resulting conditions can be interpreted as the target space equations of motions 
with a dilaton background included. We find that by combining the conditions that the (2,0) NLSM is 
finite with Weyl invariance at the quantum level directly results in the conditions for unbroken target 
space supersymmetry on the bosonic background fields. 

Paper overviev^ 

Section [2] introduces (2,0) superfields to describe an heterotic NLSM with torsion and an arbitrary 
holomorphic vector bundle. The classical symmetries of this theory are identified, with a specific 
emphasis on its Weyl invariance. Section [3] defines the quantum effective action as a path integral 
from which the Feynman rules can be read off. To ensure that this definition is covariant we introduce 



^Under some general assumptions scale invariance implies Weyl invariance [33) , however, insisting on Weyl invariance 
does not require any further assumptions and only use information in a local patch. 



an holomorphic normal coordinate expansion for the quantum fields. The renormalization of this 
theory is discussed in Section HI The conditions for (2,0) finiteness of the NLSM are derived. In 
particular, it is shown that the Weyl invariance combined with (2,0) finiteness at the one-loop level 
correspond to the conditions of vanishing fermion variations in target space. Section [5] summarizes 
our main findings. 

Three Appendices have been included in this paper: Appendix |^ collects our (2,0) superspace 
conventions. A number of useful identities for torsion connections can be found in Appendix |Bj 
Appendix [O describes a specific adaptation of the dimensional regularization scheme. 
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2 Classical (2,0) non— linear sigma models 

The worldsheet theory of the heterotic string with A/" = 1 target space supersymmetry is described 
by a (2,0) NLSM [25j . A general conformal action for the NLSM is constructed out of chiral and 
fermi chiral superfields. By considering the component form of the action shows that it describes a 
complex torsion manifold with a holomorphic vector bundle. The theory is invariant under target space 
diffeomorphisms and gauge transformations. Finally, super Weyl transformations can be discussed 
when the NLSM has been coupled to (2,0) worldsheet supergravity. 

2.1 Superfields 

The description of a (2,0) NLSM requires the introduction of chiral and Fermi superfields. We employ 
(2,0) superspace methods [26H28| [36 1 137] throughout this paper; our conventions are collected in the 
Appendix [XI 

Chiral multiplets 

We introduce chiral superfields cp'^ and their conjugates, the so-called anti-chiral superfields, (jA via 
the constraints 

D+r = D+4^ = , (1) 

with the super covariant derivatives D^ and D^ are defined in (|A.2|) . The indices a label the coordi- 
nates of the ten dimensional space-time in a complex basis. The components of the chiral multiplets 
are recovered from the expansion in the Grassmann variables 

z'^ = cp'^i , r = ^^+'^1 ' (2) 

where | denotes that we have set 9~^ = 6~^ = 0. The scalar components z"" define the complex coordinate 
fields of the target space; the right -moving fermions '(/'" are their supersymmetric partners. 

Fermi multiplets 

The Fermi superfields A" and A~ are fermionic (anti-)chiral superfields, 

;D+A" = D+A^ = , (3) 

a = 1, . . . , 16. The components of the Fermi multiplets are defined by 

A° = A"| , /i" = -^D+A'^l . (4) 

V2 

The left-moving fermions A" generate the target space gauge group. The scalars /i" are auxiliary 
fields which can be integrated out by their algebraic equations of motion. 



Quantity 3^ 9^ dai dapi d^0+ </> A 


Conf. weights (1,0) (0,1) (-1,0) (0,-1) (1,0) (0,0) (0, i) 



Table 1: This Table indicate the conformal weights of the derivatives, the integral measures and the 
superfields which appear in a (2, 0) NLSM. 

2.2 Classical action 

In order to construct a general scale invariant NLSM we consider the left- and right-moving scaling 
dimensions or conformal weights of the various quantities as given in Table [TJ A supersymmetric 
(2,0) action can be written as a full superspace integral f d^crd^^^". This implies that the integrand is 
required to have conformal weights (0, 1). Consequently, the only admissible terms contain d^^cp, d^cj) 
or Fermi bilinears AA, AA and A A times arbitrary functions of (j) and (f). Therefore, the full action 
5 = S'^ + S'a takes the general form [26] : 

S^ =-jd?adH+ ^a{(t>: 4>) d^r - Kai4>, 4>) d^cP''] , (5a) 

5A = -^y'dVd20+{A-Ar„^(</.,<^)A^ + iA°M„;3(<^,<^)A^ + iA-M„^((/.,(^)A^} . (5b) 

A factor of a' has been absorbed into the chiral superfields and can be reintroduced by a scaling 
z -^ z/\/ATTa' . This defines the most general (2, 0) action; a superpotential is not admissible: As a 
superpotential is integrated over a chiral subspace, it has to be linear in the Fermi superfields. In two 
dimensions this would require an operator with weights (^, ^), but no such operator exists. Hence, 
a superpotential can only be written down with an explicit mass parameter, but this breaks scale 
invar iance. 

If we write (p = (4'"') as a column vector and cf) = {(JA) and a conjugate row vector, we can define 
the row and column vectors K = [Ka) and K = (Ka)- In addition we write A = (A") as a column 
vector and A = (A~) as a row vector, so that the matrix functions A^ = [A^^qq], M = [Mq^] and 
M = [Mgjs] define rank (1,1)- (2,0)- and (0, 2)-tensors, respectively. The complete classical action 
S can be compactly written as 



S 



d^ad^e+{'-[djK-Kd^^ 



-(an A + - A^ M A + - AM7^]\ 



(6) 



To understand the target space interpretation of this action we exploit its component form below. 

Torsion complex manifold 

The scalar field part of the component action does not have a unique representation 



1 



1-/3 



S^ D I d'a[-Gaa{d,z^d,z^ + d.z^d^z^) + 2 



Baa{d,z'^d^-Z^-d,Z^d^z'') + 



-\pBab djd^z'' -\pBab d^z^d^z^] , 



(7) 



as it depends on the choice of a real parameter /3. The derivation of this expression shows that the 
functions Ka and Ka are pre-potentials for both a metric G and a two-form field B2. The metric 
G = {Gaa\ is an Hermitian metric of some complex manifold, as its only non-vanishing components 
read 

Gaa = \{Ka,a + Ka,a) . (8) 

The components of the inverse metric are denoted with upper indices: [G~^]^- = G^-. The components 
of the two-form B2 = Bah d^- A dz^ + \Bab d^" A dz^ + \Bah dz- A dz- are expressed as 

Bah = ^ [Ka,h - Kh^a) , Bab = ^ {^a,b " -K'b.a) , Bab = ^ {^g,,b - Kb,a) , (9) 

in terms of derivatives of Ka and Ka. 

The scalar component representation is not unique, because one may add total derivatives. By 
different partial integrations of the expression J d?a Kad^d^z'^ one obtains the identity 

Babd.z'^d^z'' = [Baa " Gaa) \ (d^z'^d^Z^ - 3 ^Z^d ^Z^^ . (10a) 

Similarly from J d^a Kap^dj^z- one finds 

Babd, Z^d^z'- = [Baa + Gaa) \ (d^ z'^d^Z^ - d^ Z^d^z''^ . (10b) 

Using these relations we may remove the i?2^components Bah, i-e. set /3 = 1, or remove Bab and Bab, 
i.e. set /3 = 0. This reflects different gauge choices for the Kalb-Ramond fleld, see e.g. [38] • However, 
it is not possible to remove all i?2-field components simultaneously. In the following we exploit this, 
by identifying the i?-field by its (anti-)holomorphic components, B = [Bab], B = [Bab], only. 

Even though the classical component action ([T]) depends on the parameter /?, the resulting classical 
equations of motion for the coordinate fields can be written as 



Gbad.d^z'^ + Gb_a,bd^z''d^z'' - Bab,bd,z'd^-z'- = , (11a) 

Gab d, d^ z^ + Gab,b d^ z% z^ - Bab,b O^z^d^z' = , (lib) 

independently of the -B2-field gauge. 

The presence of a non-trivial two-form B2 introduces torsion on the complex manifold [7]. In 
heterotic theories the amount of torsion is measured by the three-form H3 = dB2, see e.g. [39], and 
signals that the manifold is non-Kahler. In (2, 0) superspace its non-vanishing components are 

J^ahc ^ ^cab ^ ^bca ^ ^a,bc ^b,ac , ^abc ^ ^cab ^ ^bca ^ a,bc b,ac ', \'-^) 

the purely (anti-)holomorphic components vanish identically: Habc = Habc = 0. 
We introduce the torsion connections 



b ^ba I /^ _i_ _ u I "T— C^b ( '^ ' 

2 "-cdaj , ^cd~ ^ y~i^a,a — 2 



^±cd — G -[Gac,d^ -Hcda] , ^± cd ~ ^'^~\^ca,d ^ T; Bcda) , (13) 



which generahze the Christoffel connections V'^^ = G^-Gac,d fmd r~^ = G°'-Gca,d of a Hermitean 
manifold. The presence of torsion in the connections T± is made apparent by the fact that they do 
not posses any symmetry in its lower indices c and d; an anti-symmetric part enters through the 
components (]12p of the three-form H^. The properties of the various torsion connections are collected 
in Appendix [BJ The kinetic terms for the right-moving fermions ip select torsion connections, r_|_,r+, 
as their component action 

S^ ^ ^ /dV {r G,b (a^V' + r+^,a,z'= V') - {dj^ + T+l^d^-z^i>^) G„, V'} • (14) 

can be conveniently written in terms of them only. 

Holomorphic vector bundle 

The left-moving fermions define a holomorphic vector bundle on the complex manifold. Indeed, the 
quadratic action for these fermions can be written in the form 

-A" [Wc}apd,z^\^ + \^Wc]c.^d,z'\^] , (15) 

where the connections 

can be interpreted as target space gauge fields. In these expressions the inverse of the matrix A^ 
has been denoted by [A^-'^]'^2^ = N^^ with upper indices. In detail, the first two connections define 
C/(16) gauge fields. The latter two define conjugate vector fields which form rank (2, 0) and (0, 2) 
representations of C/(16). Hence, in total we have 16^ + 2 • ^(16 • 15) = 496 target space gauge fields. 
In other words, the gauge connections (fT6|) correspond to the branching of SO{32) — )• f/(16); only the 
C/(16) part is realized linearly, see e.g. (j25]) below. 

The associated gauge field strengths, Faa{^), Faa{M) and Faa{M), can be read off from the 
four-fermion terms 

5a D y dV { A^ [FUN)]^ ^^ + ^ ^" [FcciM)Up A^ + i A^ [FUM)U ~^^}^-r , (17) 

after the auxiliary fields, /i" and h—, have been eliminated. They can be written as 

F,,iN) = Aec - A, N'^ Ae + M , (A'^)^ M,, , (18a) 

Fe,(M) = M,ec - M,e A^^ A, + {N'^ N,f M,, , (18b) 

Fcc(M) = M,cc - Ae A-1 M c + M,c (A^ A"^)^ , (18c) 

without explicitly indicating their gauge indices a, a, etc. 



2.3 Reparameterizations 
Holomorphic redefinitions 

The functions K{(j), (p) and K{(j), 0) in dU are defined up to the addition 

K{ct),^)^K{(l),^) + k{(l)) , K{^,^)^K{cl)J) + k{^) , (19) 

of holomorphic k{(j)) and anti-holomorphic k{(j)) functions, respectively, because chiral superfields 
integrated over full superspace vanish. These transformations leave the metric ([8|) and the mixed in- 
field components ([9]) inert. However, the pure (anti-)holomorphic parts of the B2-&eld components 
transform as 

Bab{<l), ^) -^ Babi(l>, ^) + l ka,b{(p) - ^ hA^t^) > (20a) 

BM, 4>) -^ Bab{<p, <^) + i ka,bW - \ kb,M , (20b) 

Only these (anti-)holomorphic transformations of the i?2-field are explicitly visible in the (2,0) super- 
space formulation. 

Similarly, the functions M{(j), (p) and M{(j), (j)) are defined only up to the addition 

M((/., (^) ^ M((/., 0) + m(0) , M{(j),4>)^M{(j),^) + m{^) , (21) 

of holomorphic m{(j)) and anti-holomorphic m{(f)) functions, respectively. 

Target space diffeomorphisms 

The chiral superfields are defined up to holomorphic reparameterizations 

<p ^ /(</)) , 4> ^ m , (22) 

in order to preserve the chirality property ([l|) of (2, 0) chiral multiplets. In target space these cor- 
respond to holomorphic diffeomorphisms that preserve the chosen complex structure. The classical 
worldsheet action ([6]) is invariant provided that the functions A'^, M, M transform as scalars, e.g. 
N{(f>, (j)) — )• N{f{(j)), f{(j))), and the functions K and K as one-form components 

K(<A, <A) ^ K{f{<p), m) X{(p) , K{(p, <A) ^ X{4>) K{f{ct>), f{4>)) , (23) 

where [X((/>)]"f, = f"'^b{4>) and [X((^)]-fe = f-^b{<P)- The metric and the anti-symmetric (anti-) holomorphic 
i?2~field components transform as 

B{(P,4>)^X^{(^)B{f{(l))J{4>))X{(l)) , 

G{^,<P)^x{^)G{mjmxic^), _'^'! _^:^i/^^''__^^_^! ' (24) 

B{cP,4>)^X{ct>)Bifi^)J{^))X (0). 



Gauge transformations 

Similarly, only a part of the target space gauge transformations are visible in the (2, 0) superspace 
description. The chirality constraints dSj) on the Fermi superfields imply that the allowed redefinitions 
take the form 

A^5(</.)A, A^Ag{^), (25) 

where [g{cl>)]°'i3 and [g{cj))]-b define the matrix components of (anti-)holomorphic U{16) transforma- 
tions. The matrix functions A^, M and M consequently transform as 

N{4>,4>)^-g{(t>)N{ct>,4>)g{(^) , _ _ __ _ ^_ (26) 

M{(p,^)^-g{(t>)M{(p,(p)f{(p). 



Inserting these transformations in the definitions of the target space gauge potentials (jl6|) shows that 
Ac and Ac transform as U(16) gauge connections 

Ac^g~\Ac + dc)g , Ac^ g-\Ac + dc^g , (27) 

while the other components Wc and Wc transform as rank-two anti-symmetric tensors, i.e. Wc — )• 
9^ Wcg and Wc — )■ g Wc g^ ■ Hence the (2, 0) description only realizes the U{16) C 50(32) gauge group 
manifestlycl The gauge field strengths (jlSp all transform covariantly under U{16) transformations. 

2.4 Classical Weyl invariance 

The worldsheet theory has to be invariant under worldsheet diffeomorphisms and Weyl transformations 

g(^) ^ e^ -(-) g(a) , ^R ^ Vg(R - 2V2a;) , (28) 

of the worldsheet metric g{a) with Ricci scalar R. In most of this work we assume that we have 
used combined Weyl and worldsheet diffeomorphism to bring the metric to the flat gauge g{cr) = 
diag(— 1, +1). To describe a heterotic worldsheet theory with a generic metric g, we have to consider 
(1,0) supergravity. By introducing the usual ghost sector implies that the critical dimension of the 
heterotic string is 10. 

The (2,0) theory considered above on a flat worldsheet possesses (2,0) super conformal symmetry. 
Therefore, one would expect that also the consequences of Weyl invariance can be analyzed in a man- 
ifest (2,0) supersymmetric fashion. Only to investigate when such (2,0) super Weyl transformations 
are symmetries of the (regularized) quantum theory we resort to (2,0) supergravity. To be sure we do 
not mean to imply that we consider (2,0) supergravity as the fundamental description of the heterotic 
strings, for then the target space dimensions will be 4 with either Euclidean or (2,2) signature |40j 
(and e.g. Ref. |4l] for a modern review). However, the super Weyl invariance will allow us to trace 
how the dilaton gets involved in a very systematic way in Subsection 14.21 

Coupling our NLSM to (2,0) supergravity basically involves the following modifications to the (2,0) 
NLSM action [28 1135^ 1^: i) Replace the derivatives, -D+,Z)+ and 9^, by diffeormorphism covariant 



''To see that Wc_ and Wc transform as SO{32)/U{16) gauge connections we have to allow for transformations that 
change the complex structure. As this breaks manifest (2,0) supersymmetry, we do not consider this here. 

^ We are indebted to Ilarion Melnikov and Savdeep Sethi for pointing out that our previous version of the manuscript 
could be misinterpreted on this point. 



ones, V+, V+ and V/j, respectively, ii) Include the super vielbein measure 8 in the action Q. iii) The 
(2,0) supergravity action 



S^ = ^ I d^ad^9^£^{4>J)gRD ^ I d^a^^{z,z)R . (29) 

has to be added |44] . The dilaton ^{(j),(j)) is a general real function of the chiral superfields and 
their conjugates. Expanding this action in components gives the usual coupling of the dilaton to the 
worldsheet Ricci curvature scalar R = ^[D^,D-^]Qji\. 

In a (2,0) theory the Weyl transformation (|28p is replaced by a super Weyl transformation, which 
infinitesimally acts as [3] 



(30) 
Ss£ = S£ , 6sGr = -SGr + VrU , 



where the super Weyl parameters S and lA are a real (2,0) superfields satisfying the constraints 

V+S = iV+U , V+S = -iV+K , (31) 

with S\ = 2oj. Hence, S and U can be thought of as the real and imaginary part of a chiral superfield. 
Using combined super Weyl transformations and super diffeormorphisms we can make Qr = locally. 
Classically the super Einstein-Hilbert action (j29p is only super Weyl invariant, when the dilaton ^ 
is constant. In Subsection 14.21 we will see that the super Weyl anomaly forces the dilaton to be 
non-trivial in general. 

3 Quantum (2,0) non— linear sigma models 

We can compute the quantum corrections to the classical action as an expansion in loop diagrams. To 
setup this analysis we have to define the effective quantum action. To compute loop diagrams we need 
to identify the propagators and the relevant vertices. We present some special contraction properties 
of supergraphs which prove very useful in computing quantum corrections at the end of this Section. 

3.1 Effective action 

To define the effective action we consider the expansion of the theory around some classical background, 
denoted collectively by .^ = (</>, (^, A, A). The full quantum superfields ^fuu = ^ + 7r(H) are decomposed 
into the background fields ^ and the quantum superfields H. Define the generating functional as the 
path integral 



^w(i,e) 



/"pHexp{z5(^ + 7r(H))+zH-G} , (32) 



with superfield sources G. The classical / quantum splitting, encoded in the function vr, is assumed 
to be chosen such that the quantum fields H transform covariantly. This ensures that the functional 
VF(^,0) formally possesses the same symmetries as the classical action «S'(^). By the Legendre trans- 
form 

r(e,Ho) = 1^(^,9) -e-Ho, (33) 



we obtain an effective action r(^, Hq) in which the sources Q have been replaced by mean fields Hq. By 
functional differentiating the Legendre transform one obtains an expression of the sources G. After a 
shift H — )• Hq + H of the integration variables, the effective action may be written as 



^m^o) = JVE exp [iS{i + 7r(Ho + H)) - i ^(e, Ho) • h} . (34) 

When the classical / quantum splitting is linear, the background fields ^ and the mean fields Hq only 
appear in the combination .^ + Hq, hence their roles can essentially be interchanged. In general, we 
would like that the effective action can be thought of as an action that takes quantum effects into 
account. Since the classical action S{^) is a function of ^ only, this motivates to define the effective 
action r(^) = r(^, 0) by simply setting Hq = in the expression above: 



^m 



yPHexp{i5(e + vr(H))-i^(e,0)-H} . (35) 



The role of the second term in the exponential is to ensure that this is the one-particle-irreducible 
(IPI) action w.r.t. the classical / quantum splitting defined by vr. 

The requirement that the quantum superfields H transform covariantly strongly restricts the form 
of the function vr that encodes the classical / quantum splitting. In particular, this decides whether a 
linear splitting is sufficient or a non-linear splitting is necessary. Concretely, the quantum superfields 
H have to transform as covariant vectors w.r.t. holomorphic target space diffeomorphisms (j22p and 
gauge transformations (125p . This implies that for the superfields A, A the linear splitting is sufficient, 
because they transform linearly under the gauge transformations (|25p. 

For the superfields (f), cp the situation is more complicated, because their scalar components z, z take 
values on a complex torsion manifold as discussed in Subsection 12.21 As the full quantum superfield 
'/'full = + vr($) transform according to ([22]) as dictated by target space diffeomorphisms, ^ has to 
transform as a tangent space vector. To ensure this one typically uses Riemann normal coordinates 
to set up the definition of the effective action |36]. However, in the present case the field redefinition 
0fuii = + 7r($) needs to be holomorphic because of the chirality condition ([1]). An extension of 
normal coordinates to Kahler manifolds has been proposed in J471I48J . Unfortunately, the use of such 
normal coordinates does not seem to be an option in our context: In general a (2,0) NLSM possesses 
torsion (J12p which renders the normal coordinate expansion non-holomorphic and thus incompatible 
with the (2,0) chirality conditions ([T]) of the coordinate superfields (p. (As discussed in [3 11 146 j a 
similar issue arrises for (2,1) supersymmetry.) For this reason we directly define holomorphic normal 
coordinates below, which preserve holomorphic general covariance while being compatible with (2,0) 
sup er symmetry. 

Holomorphic normal coordinates can be thought of as Riemann normal coordinates for complex 
manifolds using purely holomorphic coordinates instead of real ones. To define the holomorphic normal 
coordinates, we observe that we can obtain a holomorphic geodesic equation 

(^'^(t) + f^,(,/.(t),(^),/.^(t)</.'=(t) = 0, (36) 

from the classical equations of motion (jlip for a curve defined by (j){t) for < t < 1, while keeping 
(j){t) = (j) fixed. Here the connection F is the unique symmetric Hermitean connection (IB.3P defined in 
Appendix |B1 As the torsion (J12p involve mixed indices, it does not appear in the holomorphic geodesic 
equation. Moreover, the torsion connection which is present in the classical equations of motion (jlip 

10 



gets symmetrized in its indices b,c by the contraction with (j) {t) and (j)'^{t). By taking the boundary 
conditions, 0(0) = 0, </>(!) = </> + vr(<I>), and defining <I> = 0(0), we find that 

0(l) = + ci> + ^l0W(O). (37) 

n>2 

Using the holomorphic geodesic equation (|36|) the higher order derivatives ^'^"•'(0) can be determined 
recursively. In this work we only need the first few orders 

7r'^($) = ^-^ - i f ^^^''^^ + . . . (38) 

Since $ is defined as a derivative, it transforms covariantly under holomorphic coordinate transfor- 
mations. As far as the path integral measure is concerned this defines a holomorphic transformation 
as only (/>fuii and ^ are integration variables. 

3.2 Super propagators 

The super propagators can be read off from the quadratic part of the action expanded to second order 
in the quantum superfields, see e.g. [29|l301l43lH9] . Even though this procedure is in principle standard, 
we should point out some features that are specific to our work: Since we aim only to determine the 
beta functions of the (2,0) theory, we are not interested in the full quantum effective action but only 
in the renormalization of the terms of the classical action. Given that they all are only functions of 
the chiral superfields 0, 0, we may essentially assume that in the loop computations the expansion 
coefficients are all mere constants rather than superfield expressions. 

Fermi super propagator 

The coupling of the sources J, J to the Fermi superfields A, A is described by the action 

Sj= /"dV| I Ae+J^K+ f de+lA^\ . (39) 

Consequently, the source J is a bosonic chiral superfield. Because A is fermionic, the functional 
differentiation jj is 
w.r.t. to this source 



differentiation jj is also fermionic. This is consistent with the definition of functional differentiation 



^ = 5^ I)+2521 . (40) 

As explained in Appendix |A] we use a subscript to indicate in which coordinate system a certain 
superfield or operator is evaluated. The definition of the superspace delta function 621 is also given in 
Appendix El Since the full superspace 621 is bosonic, the super covariant derivative I?+2 makes the 
expression fermionic. By functional differentiation of the exponentiated source action we can bring 
factors of A down 

A'^ e''^-' = i-^ e'^^ . (41) 

oJal 
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As the classical action is quadratic in A, A we may take the coefficient functions N, M and M as 
constants. Under this assumption the terms with M (and M) are purely (anti-)holomorphic, and 
hence irrelevant for the Fermi superfield propagator. Consequently, it is given by 

iSA{J)= fd'^ad^d+J{N^y^^J . (42) 

To obtain this expression we have used that on a chiral superfield the combination of super covariant 
derivatives, D^D^, can be replaced by a worldsheet derivative 9^, see ()A.4p . As indicated in the 
next equation we graphically represent the Fermi superfield by a solid line with an arrow. The arrow 
defines the flow of chirality determined by the order of the super covariant derivatives that arise by 
the functional differentiation: 

0J2 6Ji \-nD + m^/2 

Here we have replaced the naive propagator by the dimensional regularized one defined in Appendix ICl 
In particular, □/) is the d'Alembertian in D dimensions and m denotes an infrared regulator mass. 

Chiral super propagator 

The computation of the chiral super propagator is a bit more involved, because the expansion to second 
order in the quantum superfields contains terms in which the right-moving derivative d^ acts on a 
quantum superfield or on a background superfield. Moreover, when the right-moving derivative acts 
on a quantum superfield, one can perform a partial integration to have it act on the other quantum 
field or on the background function. We choose to perform the partial integrations in a symmetric 
fashion so as to obtain results which can be expressed only in terms of the background metric Gaa 
with mixed indices ([8]) and the background Kalb-Ramond -B2~field Q with purely (anti-)holomorphic 
indices Bab (Bab)- These manipulations result in the expression 

S^ ='- I d^ad'e+ {d^-^-Gaa^^ -^-Gaad^^''} ; (44) 

where terms involving Bab and Ba b have been dropped as they do never give contributions in diagrams 
by chirality. 

The sources 0,, 0, for the chiral superfields $, $ are Fermi superfields to ensure that the source 
action, 

Sn= /dV| fde+n'^<^+ f de+n^^\ , (45) 

is a c-number. Consistency of the definition of functional differentiation -r^ requires that it is bosonic: 

|^ = 5^:D+2<521. (46) 

The functional differentiation of the exponentiated source action brings factors of $ down 

6iO,al 
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Figure 1: This Figure collects the relevant three and four point vertices which involve two Fermi 
superfields. 



The terms in the action (I44p in which the right -moving derivative 9^ acts on the quantum super- 
fields <&, <1> can be used to derive their propagator 



2^A2n+nfnT\~l 



is^{n) = / d^ad'e+n{G') 



5, a 



n . 



(48) 



The chirality that propagates between two vertices is again determined by the order of the super 
covariant derivatives like in (|43|) : 



lX---» X2 



SiQi 6iQ' 



■iS<i,{n) = -i{G') 



'T\-l 



D~D. 



-nu + m^ 



J12 



(49a) 



It sometimes happens that a d^ derivative acts on a chiral superfield line. This changes a chiral 
propagator effectively into a Fermi propagator, to distinguish it from the true Fermi propagator (03]), 
we draw crosses at its vertices: 



IX- 



■^2 



^ .9,-LzM^) = -.(G^)-ir^+^+^. 



SiQi "* 61^2 



-D^) + m^ 



<Ji2 ■ 



(49b) 



Since a propagators sits between two vertices, it might even happen that both vertex derivatives act 
on the same chiral propagator. This case we denote by a double line between the chiral vertices: 



5. 



9. 



6 



6ini "5iO 



■ is^{n) = i {C y 



T,-ilD+D+d,' 



-n£, + m^ 



J12 



(49c) 



The sign of this expression is opposite to the ones above because one of the 9^ derivatives acts on the 
source in coordinate system 1; when we change it to system 2, we pick up a sign. 
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Figure 2: The vertices involve up to three quantum chiral superfields corresponding to (j5ip . 

3.3 Super vertices 

Vertices with Fermi superfields 

The vertices involving two Fermi superfields and a number of quantum (anti-)chiral superfields can 
be obtained by expanding the Fermi action ()5bp . In this work we only need the following interactions 



iASA D Y /d'^d20+ { A-A" (iV,„,, a>« + iV,„,„ $" + Naa,aa 'J>^^") (50) 



which are represented graphically in Figure [TJ 



Pure chiral superfield vertices 



For the computations in the remainder of this paper we need interactions up to cubic order in the 
quantum chiral superfields. Some vertices that arise from the kinetic action (j5ap contain a single (9^(^ 
or d^cp derivative, while the others involve three quantum chiral superfields <& and $. These interaction 
terms read 

iAS^ D -^ld^ad^9+[T4^Gcad^^-Gacr4adn<P' + ^^6aa5«^-- ^^baa^^^'}^-^" • (51) 

The corresponding vertices are depicted in Figure [2j The first two interactions are independent of 
whether normal coordinates or a linear classical / quantum split has been employed. The form of the 
latter two three-point -interactions crucially depends on the use of the holomorphic normal coordinate 
expansion (j38|) . 



3.4 Contraction of supergraphs 

Many supergraphs vanish identically. An often occurring reason for this is that the (contracted) 
supergraph contains an one-loop Fermi tadpole. It is irrelevant whether it is a fundamental Fermi 
tadpole or a tadpole of a chiral line with an 9^ acting on it. Because the Fermi propagator involves a 
single 5^, such a tadpole is proportional to the integral, 



.^Q, 



(27r)« g2 + ^2 - ' (52) 
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in dimensional regularization, see Appendix O A dimensional regularized integral is reflection sym- 
metric in their integration variables. But given that this integrand is odd, the reflection symmetry 
implies that this tadpole has to vanish. 

Moreover, as was observed e.g. in |501I51| in the context A/" = 1 supergraphs in four dimensions, 
chiral superfield lines can often be contracted merging two adjacent vertices. Below we show that a 
similar result naively holds for Fermi superfield lines (or chiral lines with a 5^ derivative) in (2,0) 
theories, but that it is violated in dimensional regularization. However, when the naively contracted 
diagram is still divergent, the correction due to dimensional regularization can essentially be ignored 
as far as the determination of counter terms is concerned. On the contrary, when the contracted super- 
graph would be zero, the dimensional regularization leads to a finite effect which may be interpreted 
as an anomaly. 

A Fermi super propagator with a chirality pointing in a certain direction can be naively contracted 
if at one of its vertices all the attached lines have their chiralities aligned in the same direction. In 
the left picture of Figure [3] we have sketched such an initial configuration. The solid Fermi propagator 
extends between the vertices 1 and 2. The dotted lines with arrows correspond to any chiral supergraph 
lines, e.g. chiral or Fermi propagators. The collapse of this supergraph comes about for the following 
reason: As noted in (|43p and (j49ap . the direction of the chirality manifests itself in the order of the 
super covariant derivatives. This restricts the possibility of partial integrating the super covariant 
derivatives onto the other lines. So if we can pick any chiral line j in the left picture of Figure [3] and 
partially integrate its -D+, we obtain: 



[ll[D+D+],6ki 



D,D, a. 



[m^ 



-D^) -|- m? 
D+]i5ki 



n2 



-{D. 



+ JlOjl 



[n 



D+D+]i5ki 



D,D:D: d^ 



r 2ia^a^^ 



□z3 + m^ 



n2 



2i 






-D^) -|- m? 



J12 



1 + 



52 



m 



-□/) -|- m^ 



J12 



(53) 



Because the chirality of all the other lines, k ^ j, are pointing in the same direction as that of line j, 
i.e. they have the same order of the super covariant derivatives, we get vanishing contributions when 
we partially integrate -D+ on them, as super covariant derivatives square to zero ()A.3p . Therefore, we 
can only partially integrate its -D+ derivative on the Fermi propagator. Next, we made use of (jA.lOp to 
change the coordinate system of the super covariant derivatives. Using (]A.3P a left -moving derivative 
d^ appears in the numerator. After this we can partially integrate D^ back to its original position. 

Then we arrive at the last and essential step: In the non-regularized theory the 9^9^ in the 
numerator would cancel against the same factor in the denumerator. In the dimensional regularized 
computation we see that this cancellation still takes place but with a correction term proportional to 
the momentum in the extra dimensional regularized directions and the IR regulator mass. 

4 Renormalization 



In this section we study the renormalization of the (2,0) NLSM defined in Section [2] and the conse- 
quences of super Weyl invariance at the quantum level. To be able to give a systematic treatment 
of the renormalized theory, we employ dimensional regularization |521l53j to regularize the divergent 
integrals to D = 2 — 2e dimensions. The specific adaptation of this scheme employed in this work is 
described in Appendix ICl 
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■^^ Fermi line '^^ 
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Figure 3: The contraction of the Fermi propagator relies on the fact that the chiralities are pointing 
in the same direction. 

4.1 Beta functions 

Given that the classical action ^ is the most general (2,0) action, the counter terms can be compactly 
parameterized as 

AS = I d''ad'e+ fi'^['-(^djT(K) -T{K)d,cl>) -^AT{N)A-^(^A^T{M) A + h.c.)} , (54) 

The functions T{H), H = (Hi) = (K, K, N, M, M) are defined as an expansion in the number of loops 
L and poles 1/e" with 1 < n < L, 

^(^) = E ^ ^(«) (^) ' ^(«) (^) = E '^(n,L) (H) . (55) 

n>l L>n 

Hence the single pole counter terms, Tn-j^H), receive contributions at every loop order in principle. 
Moreover, all these functions depend on the superfields (j), (j) through the functions Hi = K, K, N, M 
and M only. This means that the computation of the beta functions in superspace mimics to a large 
extend the computation of the effective potential in a regular quantum field theory [SI]; only special 
care is needed to take the linear term in the 9^ derivatives into account. To compute the beta functions 
we may assume that the expansion coefficients are only functions of a and otherwise mere constants 
in superspace. Moreover, as soon as one d^ derivative hits a (/> or c^, we can assume that all others are 
strictly constant. 

Renormalizability of the (2,0) model implies that the original classical action can be interpreted 
as defining the bare parameters, -ff(o)i, of the full quantum theory [20l[2T] 

i/(0) = /i^^ (i/(/i) + ^ ^ T(„) (H)) , (56) 

n>l 

where the renormalized coupling functions H{^) depend on the renormalization scale fi. To trace their 
scale dependence the beta functions 13(H) are introduced as 

-eH + PiH) = (3,{H) = l^|-/7(^) . (57) 

Renormalizability ensures that l3e{H) is finite in the limit where the regulator is removed e — ?■ 0. The 
power series expansions in e of the bare functions -ff(o)j) which are scale independent, 

dH(f^) 1 d 

^^(0) + -Q^ ■ /3e(^) = 2 /^ ^H(0) = , (58) 
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lead to several consequences [55] (see e.g. |56| for sigma model applications): The linear term in 
definition (j57p is chosen such that the e^ terms cancels out. The e'' terms show that the single pole 
counter terms Tn ) (H) dictate the form of the beta functions 

(3{H), = -\l-H. A1t(i)(F), = ^LT^,,L){H)i . (59) 



L>1 



Given that vertices are expressed as derivatives of the functions Hi and propagators are inverses of 
similar objects, the operator H ■ -^ has +1 eigenvalue on vertices and —1 on propagators. In the last 
equality we used this observation together with the topological identity ^(propagators) — ^(vertices) = 
L — 1 holds for an arbitrary L loop graph. The 1/e" poles lead to recursion relations, 



^-"■m 



T^n+i)[H\ = m) ■ -^nn){H), , (60) 



dH 

so that the Ti^\{H) for n > 2 can be expressed in terms of the single pole contributions Tn\{H). 

Finiteness 

To investigate the finiteness of the (2,0) theory it is sufficient to determine the conditions for which 
the field dependent beta functions (i{Hi) are trivial [20]. Trivial beta functions do not necessarily 
vanish: A two dimensional theory is finite when all 1/e divergences in (5{H) vanish up to gauge 
transformations [31]. In the (2,0) context this means that we can allow for divergent holomorphic 
redefinitions (fT9|) and (J2T]) . target space diffeomorphisms (j22]) and gauge transformations (p5|) . The 
resulting conditions are sometimes called vanishing of the "B-functions" , which have been derived in 
components and (1,1) superspace in e.g. |3HI32[ B5]. For our (2,0) theories we obtain the finiteness 
conditions 

P{K)a = 2 Gka /fi) + 2 Bab /fi) + fc(i)a , (61a) 

P{N) = 5(1) N + N 5(1) + Na /(I) + Na /fi) , (61b) 

/3(M) = gf,^ M + M 9(1) + M,, f^^^ + M,, Jf^^ + m(i) . (61c) 

Here /(i) and gti\ denote the possible holomorphic single pole renormalizations 

/('A) = <A+^ /(!)(</>) + 0(^) ■ g{<t>) = t + \gi^i){ct>) + 0{^) . (62) 

in holomorphic diffeomorphisms (j22p and gauge transformations ()25p . In addition the beta functions 
for K and M are only defined up to holomorphic reparameterizations (|19p and (j2ip . 

A:(</.) = iA:(i) (</.) + 0(i) , ,n(0) = ^ m(i) (</.) + O(^) , (63) 

hence they may lead to the renormalizations kii\ and mii^ given in (|61ap and (|61cp . respectively. 

As emphasized in the references above, contrary to the requirement of vanishing beta functions, the 
finiteness conditions (I6ip are off-shell and regularization scheme independent. The equations stated 
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in (|6ip are superspace equations, and as such still encode crucial requirements for when finiteness is 
compatible with (2,0) off-shell worldsheet supersymmetryO Because of the arbitrary renormalization 
functions /(i) , (7(1) , A;(i) and TTi^^) the finiteness conditions ([HT]) might not seem very stringent require- 
ments. However, because these functions all have to be holomorphic, while the beta functions, the 
metric, i?2 -field and the functions N and M are all non-holomorphic, the finiteness conditions (|61|) 
can essentially only be solved for /(i) = g^^i) = 0. 

Quantum superfield tadpoles 

Not only the action for the background fields renormalizes, also the quantum superfield action does. 
However, essentially all renormalizations of the quantum action can be ignored for the purposes of this 
work, with one important exception: tadpoles for the quantum superfields $ and <&. The quantum 
superfield tadpoles 

5tadp = / d^d20+ '- (F(o)« 9^¥- - y(0)a 5,$") , ^(o) = /^'^ ^ ^ ^(n) (^) ' (64) 

n>l 

for <1> and <1> might be generated at the loop level. Since these tadpoles are absence at tree level, there 
is no renormalized Y and Y. The dependence of the bare function Y/q\ of the renormalization scale 
gives 

ey(o)+/3(i?)- J^ = 0, (65) 

which gives a similar recursion as (j60p for Trn\{Y), n > 2. Finiteness requires that the single pole 
contribution Tn-j{Y) is holomorphic. 

4.2 Weyl anomaly 

Combinded Weyl invariance and (2,0) finiteness 

We investigate the consequence of combining the (2,0) finiteness conditions derived in the previous 
subsection with the requirement of invariance under the standard Weyl transformations (I28p . (This 
repeats the analysis of [32j but uses the consequence of (2,0) supersymmetry of the matter sector.) 

In D = 2 — 2e dimensions the worldsheet theory is not invariant under Weyl transformation (j28p 
anymore, this constitutes the Weyl anomaly. For the terms of the bare action involving the Fermi 
multiplet this anomaly takes the form 

/"dV(-2ea;) f d'^e+ ^^ANqA + ^A^ MqA + IAMqA^] ■ (66) 



Next we use (1581) in the form 



n>l ' "' ^ 



-eH^o)^ = m) ■ ^ = ^^''P{H)3{h + E ^ ^.Tin){H\) (67) 



®The importance of such superspace conditions was recently re-emphasized in the related (1,1), (2,1) and (2,2) 
superspace context in [57] • 
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and replace the beta functions P{N) and f3{M) by their structure required by finiteness, i.e. equa- 
tions ()61bp and (j61cp . If we then use that the Weyl parameter w(cr) is an arbitrary function on 
the worldsheet, imphes that the holomorphic functions /(!)((/') = g(i){<P) = ?^(i)(0) = 0. Hence we 
conclude that the beta functions for A^ and M vanish identically: 

(3{N)i^,^) = 0, /3(A/)(0,0) = O. (68) 

For the chiral multiplet consequences of Weyl invariance is slightly more complicated because the 
target space coordinates also appear in the dilaton ^. Following the same procedure as above for the 
Fermi multiplets we obtain from (j61ap 

dV {2a; j d''e+ (^ dR^k(^i)M - \ dnr k^i)a{<P)) + ^ dLdRU ^{z, z)] = , (69) 

where we only kept the finite terms in 1/e for simplicity. The last term results form the Weyl trans- 
formation of the Einstein-Hilbert term from a flat worldsheet given in (j28p . If we then evaluate the 
superspace integrals using that the integrand are purely (anti-) holomorphic, we find that they just 
result in a di derivative. Normally one does not care about this derivative, because it just gives a total 
derivative under the worldsheet space-time integral. However, because of the local Weyl parameter 
u}{(t) this argument does not apply here. Instead if we perform partial integrations such that in all 
term there is a Ol on the Weyl parameter, we find: 

I dV Oluj { I d^e+ ^ dRZ^ k^,),{z) + ^ dRZ^\^)^{z) - ^ dRZ^ ^,a - ^ dRZ^ *,,} = . (70) 

We thus conclude that the renormalization one-forms /cn) and A;n\ are not zero, but determined as 
the (anti-)holomorphic derivatives of the dilaton: tt k^i-^a = ^ ,a and vr k(i)a = ^ ,a- Hence we find the 
conditions 

7r/3(if)a(z,z)-^,a(z,z)=0, t: l3{K)a{z,z) - ^^ ,a{z,z) = Q , ^,,,(z,z) = 0. (71) 

The last equation follows because the one-forms A;(i) (and A;(i)) are (anti-)holomorphic. 

Absence of Weyl anomalies should not only be enforced on the background operators, but also on 
the quantum operators. In particular, the loop-generated quantum superfield tadpoles (164p lead to 
additional contributions to the Weyl anomaly, which can be cancelled by expanding the Weyl-varied 
dilaton action (I29p to first order in the quantum fields as well. By the same arguments as above, this 
lead to the conditions 

7rr(i)(y)„-^,„ = 0, 7rT(i)(F)„-*,, = 0. (72) 

The Weyl invariance conditions (j68p . (j7ip and (j72p are stronger than the finiteness conditions 
obtained in the previous Subsection. In particular, we see that indeed /(i) = ^(i) = r?!^^) = in ([6T]) . 
as was suggested by holomorphicity considerations in the previous Subsection. In addition, we infer 
that kii\ ~ ^ ^a- This is compatible with the holomorphicity of kii\ because of the last condition 
in (|7ip . Hence, Weyl invariance selects a very specific set of (2,0) finiteness conditions |32j . 
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Figure 4: These diagrams describe the one loop corrections to the chiral superfield action. The former 
two define a tadpole for the background while the latter two for the quantum superfields. 

Super Weyl anomaly 

Next we show that the conditions found above can be very elegantly be derived by using (2,0) super 
Weyl invariance. Because the supergravity measure E is the determinant of the super vielbein, its 
super Weyl transformation (130p is modified to 



bsE = (\-e)S£ 



(73) 



in L) = 2 — 2e dimensions. Hence, if we perform a super Weyl transformation from a locally fiat 
worldsheet Q^^ = 0, we not only get contributions from the Einstein-Hilbert term (j29p . but also from 
the full bare action ^. These additional contributions proportional to e constitute the super Weyl 
anomaly. 

Keeping only the finite contributions in the limit e — >■ 0, we obtain the condition for the background 

/ d^fTd20+ I - cS (A /3(A^) A + i A^ /3(M) A + i A /?(M) A^) + 

--^S[dj^ii{K)^-li(K)^d^4>-) - 1-U{^,ad^cp'^ + ^,adj^)} = , (74) 

Since A, A are arbitrary Fermi superfields and S an arbitrary super Weyl parameter, this leads to the 
superfield conditions (|68p . For the pure chiral superfield contributions the analysis is slightly more 
complicated because both S and V( appear. However, using that their super covariant derivatives are 
related (|3ip . one finds by picking out their fermionic components the conditions (j7ip . 

4.3 One loop renormalization 

Background tadpole 

The one loop corrections to the pure chiral superfield action 5^ are induced by the first two diagrams 
displayed in Figure HI Using the super propagator (|48p and the two-point insertions (|5ip these 
diagrams are readily computed to give 



iV 



IL 



^4adJ^ 



r+L0^4>' 






1 



-D^) + m^ 



5^ 



12 



Consequently their one loop counter terms read 



A(i,i)5, 



IL 



d^ad?i 



Att 



hm — : 

e m 



rjt^d 



ba^R- 



-ha '-'r 



(75) 



(76) 



using (fUT2p . 
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Figure 5: These Figures display the three one-loop diagrams that contribute to the renormalization 
of the AA-part of the Fermi superfield action. 

Quantum superfield tadpole 

As discussed in Subsection 13.11 it is not possible to define a normal coordinate superfield w.r.t. to 
the torsion connection as this would be incompatible with (2,0) supersymmetry. But by using the 
holomorphic normal coordinates (|38|) we were able to find a classical/quantum splitting which is 
manifestly coordinate covariant. As a consequence not all cubic vertices are absent; those involving 
the torsion remain, see (|51|) . As the latter two diagrams in Figured] show, these torsion vertices induce 
tadpoles for the quantum superfields at one loop. 



t J- (j> 



irb 



This requires the counter terms to take the form: 



Ol2 



1 



-Djj + m^ 



,"12 



' ' d^ad^e+^ 



Att Le 



+ ln ; 



m^ 



Hbd^^--Hbd^^^ 



(77) 



(78) 



where Hi^ = Hi^aa G""-, H^ = H^aa G""-. The presence of tadpole for quantum superfields signifies that 
the IPI graphs also include graphs which can become disconnected with such a tadpole split off. 



Fermi multiplet renormalization 

At the one loop level the AA-part of the Fermi superfield action gets corrected by quantum corrections 
encoded in Figure O The corresponding propagators and vertices can be found in Subsections 13.21 
and 13.31 respectively. The first diagram, Figure Ela, is a tadpole graph; there is no momentum flowing 
in or out of the loop. Hence this one loop diagram is readily computed using the dimensional reduction 
procedure outlined in Appendix O The other two diagrams. Figures Ob and c are proper self-energy 
supergraphs. However, using the result of Subsection 13. 41 that Fermi superfield lines can be contracted. 
Consequently, after some standard supergraph manipulations the first three supergraphs in Figure [5] 
reduce to the same scalar graph up to pre-factors 



iV 



IL 

AA 



A^A" G"^iV, 









<5^ 



12 



1 



-D^) + m? 



5^ 



12 ' 



(79) 



Note that the expression between the curly brackets {. . .} precisely equals the field strength component 
[Faa{N)]^o. see ([IHD. 
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The super Feynman diagrams that renormahze the AA-part of the kinetic action of the Fermi 
superfield action are essentially the same as those displayed in Figure [5] but with the external lines 
both pointing outwards. Hence via similar computations as above the sum of these three graphs gives 



^J-AA 



1 



A"A^ G^^[M^p^aa - M^^^aN^lN^p^a + N^a,aN^^M^P^a} 



5^ 



12 



1 



-n^ + m^ 



5^ 



12 5 



(80) 



In this case we can recognize the anti-symmetric tensor part of the target space gauge field strength 
[Faa{M)]o,0 given in dH]). 

After regularizing these diagrams using dimensional reduction and including the tadpole graphs, 
we determine the counter terms that cancel the divergences at one loop: 



^(i.ij'S'a 



d^ad^e^ 






1 u^ 

- + ln-^ 
e m 



G" 



'-[AFaa{N)A + -A^Faa{M)A + -AFaaiM)A^} . 



(81) 



4.4 Weyl invariance at one loop 

We consider the requirements of Weyl invariance at the one loop level. Using the results of the previous 
subsection, we can explicitly determine these conditions. Given that these equations have interesting 
target space interpretations, we would like to discuss them in turn. 

From the one loop renormalization of the Fermi multiplets (|8ip we obtain the requirements 

G"^^ Faa{N) = , C'^ Faa{M) = , (82) 

using the field strengths Faa are given in ()18p . They constitute the first order Hermitean- Yang-Mills 
equations, rather than the second order Maxwell equations which is obtained by the conventional beta 
function approach. In target space they are obtained by requiring that the gaugino supersymmetry 
variation vanishes. 

Similar, from the one loop quantum tadpole (j78p combined with expanding the dilaton action (j29p 
to first order in the quantum superfields, we obtain 



1 



Ha + ^n=Q , 



(83) 



where Ha = G -Hahb is the traced torsion tensor. This is precisely the condition one obtains by 
demanding that the supersymmetry variation of the dilatino vanishes. This equation in particular 
says that if the target space possesses torsion the dilaton cannot be constant. 
Finally, the one loop tadpole (j76p for the background fields imply that 



1 



r+„ + ^,a = ^ 



(84) 



with the traced connection F+a = (IndetG)^a + Ha, see Appendix [Bl If the target space does not 
possess torsion this equation and its conjugated imply (IndetG)^^ = (IndetG)^^ = using (IB.7p . 
Hence the geometry is Ricci flat Raa = (liidetG)^aa = and hence Calabi-Yau. If torsion is present, 
we can combine the conditions in (1841) and ( 1831) to find that 

(85) 



e det G = const . 
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This is a condition that arises for conformally balanced geometries, as a consequence of the gravitino 
and dilatino supersymmetry variations [71[58l[59] . 

Hence observe that in our approach we obtain the conditions that the supersymmetry variations 
of the target space gauginos and dilatino vanish directly. (That the gauge bundle is holomorphic 
is built in from the very beginning by demanding (2,0) supersymmetry.) On the other hand we 
do not obtain the gravitino variation itself, but only some of its consequences. The reason why 
we do not find the gravitino variation itself is that it involves a space-time derivative on the local 
supersymmetry parameter. In the RNS-formulation, which we have employed throughout this paper, 
target space supersymmetry is not made manifest, hence this formulation does not contain an obvious 
representative of this parameter. One of the consequences of the gravitino variation, namely that the 
geometry is complex, we have used as a central input: We have enforced that the worldsheet possesses 
(2,0) supersymmetry which immediately requires that the target space is complex. However, the other 
consequences of the gravitino variation are encoded in (|84p . 

This analysis establishes that by demanding (super) Weyl invariance for a (2,0) worldsheet gives 
rise to the consequence BPS equations directly. This should be put in contrast with the standard way 
the target supersymmetry conditions are obtained from the heterotic string: First the target space 
effective action has to be determined. This can either be done by lifting the target space equations 
of motions, which are obtained by the requirement of vanishing beta functions, to an effective action, 
or by computing string scattering amplitudes. Next, one determines which target space on~shell 
supersymmetry variations are compatible with this effective action. By putting the supersymmetry 
variations of the fermion fields to zero finally gives the BPS equations. 

5 Conclusions 

We have considered the heterotic string in the RNS-formulation. We have assumed that the corre- 
sponding NLSM possesses (2,0) supersymmetry, so that it describes a complex torsion target space 
that supports a holomorphic vector bundle. Both the metric and i?2~field are determined by a one- 
form pre-potential Ka and its conjugate Ka- The gauge background is encoded by matrix-valued 
pre-potentials N , M and M. The classical (2,0) NLSM is completely specified by these pre-potentials. 

This worldsheet theory was quantized using the path integral. By utilizing holomorphic normal 
coordinates we ensured that the resulting effective action gives rise to covariant supergraphs. To 
regularize the theory we made use of a variant of dimensional regularization so that the ultra-violet 
divergences show up as 1/e poles. This scheme allows for a systematic renormalization of the theory at 
the loop level, which enables us to determine the conditions that the beta functions associated to these 
pre-potentials are trivial. Even though in principle trivial not necessarily means zero, holomorphicity 
of the target space diffeomorphisms and gauge transformations, implies that the beta function for N 
is identically zero, while those of Ka and M vanish up to possible holomorphic contributions. 

Our main result states that the cancellation of the Weyl anomaly combined with the conditions 
for finiteness of the (2,0) NLSM implies the heterotic BPS conditions, i.e. the conditions for unbroken 
supersymmetry in four dimensions. An elegant way to derive these conditions is to enforce (2,0) super 
Weyl invariance. In our approach we obtain the conditions that the supersymmetry variations of the 
target space gauginos and dilatino vanish directly. In particular the HYM equations are simply the 
superfield beta functions set to zero. On the other hand we do not obtain the gravitino variation itself. 
One of its consequences, the fact that the geometry has to be complex, was used to motivate that 
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the worldsheet possesses (2,0) supersymmetry. However, the remaining consequences of the gravitino 
variation are recovered. At the one loop level we find that the geometry is required to be conformally 
balanced, and without torsion the background becomes Calabi-Yau. 

The explicit one loop renormalization of a (2,0) NLSM can be extended to higher orders. This 
means that one can directly compute a' corrections to the supersymmetry conditions. (We plan to 
present two loop results and discuss anomalies in a subsequent publication.) Moreover, it might even 
be possible to extend our results non-perturbatively along the lines of the (2,0) non-renormalization 
theorem recently derived in |30y60|. This should be contrasted with the standard procedure, in which 
first the effective action has to be determined via either string scattering amplitudes or beta function 
computations to a given order in a', and after that determine the associated supersymmetry variations 
that leave this effective action invariant. This is particular difficult as the ten dimensional supersym- 
metry is only on~shell, hence corrections to the effective action can potentially induce modifications to 
the supersymmetry variations. Our approach completely by passes all these complications and gives 
the BPS conditions directly. 

Our results might shed some new light on the question what the requirement of having a stable 
holomorphic vector bundle means from the worldsheet perspective. Stability is the mathematical 
condition that ensures that the HYM equations can be solved on a compact CY manifold. Hence from 
the worldsheet the relevant condition seems to be that the theory is finite in a (2,0) supersymmetric 
fashion and possesses Weyl invariance at the quantum level. This is a condition that can be tested 
even in regions of the moduli space where string corrections to the geometry become large. 
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A (2,0) Superspace conventions 

Our superspace conventions are compatible with Wess and Bagger [61] unless stated otherwise. For 
completeness we summarize them here. 

The Minkowski metric on the worldsheet with coordinates a = (cr'^,(T^) has the signature (—,+). 
We introduce light-cone coordinates on the worldsheet a^ = 2{(^^ + c'^) and a = i^i'^^ ~ ^^) with 
the corresponding left- and right-moving derivatives 

a^ = ao-53, d,=d^ + d^, n2 = -d,d^ = -dl + dl, (A.l) 

with do = -^ and d^ = -^, such that d^a^ = d^^a^ = 1 and dj^a^ = dj^a^ = 0. 
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Super covariant derivatives 

The worldsheet coordinates a are amended by Grassmann variables 9 = {6'^, 6'^) to form superspace 
coordinates {(7,9) = {a^ , a^ , 9~^ , 6~^) . Tlie super covariant derivatives, 



J,-»X. o, = -J, 



0+ = 1ST-»X. 0+ = -^^ + ie+8,, (A,2) 



satisfy the following D-algebra properties: 

(A.3) 



{D+,D^} = 2id^, dI = dI = 0, 



D+D+D+ = 2id^ D+ , D+D+D+ = 2id^ D+ . 

Denote by C and C, a chiral superfield {D^C = 0), and an anti-chiral superfield {D^C = 0), 
respectively. Since any (anti-)chiral superfield can be expressed as C = D^F (C = D^F) in terms of 
an unconstraint superfield F, the latter two D-algebra properties imply that 

D+D+ C = 2id^ C , D+D+ C = 2id^ C . (A.4) 

Superspace integration 

The full superspace integration over an arbitrary superfield F can be rewritten as 

I d^ad^e+ F = I d^a^[D+,D+]F{a,9)\ . (A.5) 

Here after Grassmannian differentiation the Grassmann variables 9'^, 9~^ are set to zero; this is denoted 
by |. In addition to the full superspace integration we define a (anti-)chiral superspace integral over 
any (anti-)chiral superfield 

I d?ad9^C = I d?aD+C{a,9)\ , f d'^ad9+C = - f d^aD+Cia,9)\ , (A.6) 

Superspace delta function 

For two coordinate systems {(J,9)i and (ex, 0)2 we define the superspace delta function 

5i2 = (^1+ - 9+){9t - 9+) 6l, , 6l, = 5\cj^ - a2) (A.7) 

hence 612 denotes the usual two dimensional delta function on the worldsheet. Here and throughout 
the paper we employ the short-hand notation using labels to indicate the coordinate systems in which 
the corresponding objects are evaluated, e.g. Fi = F{ai,9i). The ordering of the {9f — 6*^) and 
{9f — 92) factors in ()A.7p has been chosen to be compatible with the ordering of the Grassmannian 
integration in (lA.Sp . i.e. such that the defining property of the delta function 

f[d^ad^9+]i6i2Fi=F2 , (A.8) 

holds without any additional signs. 
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One can change the coordinate system of a (super covariant) derivative which acts on a delta 
function at the cost of a sign: 

(A.9) 

D+l 6i2 = --D+2 (^12 , D^i 5i2 = --D+2 ^12 • 

When two consequent super covariant derivatives fah on a delta function, changing their coordinate 
systems is only possible provided that their order is interchanged: 

D+iD+i 6u = -D+iD+2 <5i2 = i^+2^+1 5i2 = -D+2D+2 S12 (A.IO) 

This again comes at the price of a sign, as they are both fermionic. 

An important non-renormalization theorem |62j is that any supergraph becomes local in the Grass- 
mann variables. This result can be summarized as follows: 

-J[d^ad^e+]i2F2{e+,d2)6i2Fi{et,di)[D+D+]i6i2 = (A.ll) 

y"[dVd20+]i2 F2{et, 82) 612 Fi{9+, di)[D+D+]iSi2 = y"[dV]i2d20+ F2{9+, 82) SJ2 Fi(^+, di) & 
where Fi{9f,di) denote generic operators that do not involve any super covariant derivatives. 

B Torsion connections 

In the main text we have defined various connections. Besides the Hermitean connection T^^ two 
torsion connections T-j-^^ were introduced in (J13p . In general we define 

^acd = ^ ~\Gbc,d + f Hcdb] , ^acd~ ^ ~{^cb,d + f Hcdbj , (B-l) 

for an arbitrary a £ R, i.e. so that definitions of T± ^^ agree and the Hermitean connection reads 
^Ocd ~ ^\d- Since the connection are expressed in terms of Haba-, they invariant under the holomorphic 
S-field transformations (j20p . 

Using that both the metric G and the S-field are expressed by dSJ) and ([9]) in terms of the one-form 
potentials Ka and Ka, one obtains the following identities 

^acd- ^Pcd- ^-^cd , ■'-«cd~-'-/3cd - ^~^cd- , [ii.Za) 

p 6 _ p fe 2a+l IT b T^ b _j^ b 2a+l T7 b /p n-u\ 

i-acd '-ctdc~ 2 cd j "cd "^c~ 2 cd • yD.^U) 

The identities show that there are two connections in which can be expressed such that the torsion 
does not explicitly appear: Fq^^ = G^-Gac,d and r_ ^^ = G^-Gad,c- However, only the connection, 

^cd = ^_lcd= 2\^acd + ^adcj J (B-3) 

is symmetric in indices c, d, hence this connection is neither Fq nor r_ . 
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The connections lead to the fohowing curvatures 

J^aaabb = ^ac^aabb ' ^ci abb ~ -'-oafe,fe i ^a aabb = ^ca-^a'^bb ' °''abb ~ "ab,6 ' (■'^•'^J 

From these torsion connections we can define ^(1) connections and their curvatures 

J-oa — '-a ah 1 '-a a^ — ctab' '^ '^9l — '^ aab i ^a aa ^a ^ab ' l-'^""-*/ 

The U{1) connection and curvature with a = — can be expressed as derivatives 

r_ a = (In det G),a, T-a = (In det G),, , R-aa = R- aa = (In det G),aa , (B.6) 

of the determinant of the metric only. These expressions are reminiscent of identities that hold for 
Kahler geometries. The others can be written as 

T^a = ilndetG),a + ^Ha, r„„ = (lndetG),a + ^F„, (B.7) 

where Ha = Hab^ and Ha = Hab ■ Finally we can define the symmetrized and anti-symmetrized 
curvatures 

Sa aa = ^a a,a + ^a a,a = 2 (In det G) ^aa + ^2~ ( ^^^°- + -^a,a) ' (B.8a) 

^aaa ^a a,a J- a a, a 2 l Ht"- <^y!i.j ' (^iJ.oDj 

C Dimensional Regularization 

Regularization by dimensional regularization [52] is well-known, for a detailed review see e.g. [53]. Also 
in two dimensions this scheme has proven very powerful |19y63j. In the dimensional regularization one 
extends the two dimensional space time integral 

^D^ r dV||d^-Vx 



l^'^^l^-l-^^r^ (C.I) 



to D > 2 dimensions and introduce the regularization scale /i to preserve the mass dimension of the 
original two dimensional theory. Therefore in D dimensions the Fourier transform Ai = A{pi) of 
Ai = A{ai) is given by 



(2^)^/i^ 



^1= / .o,,/,L2 -4i e-^--- . (C.2) 



The D dimensional coordinate and momentum delta-functions can be represented as 
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Clifford algebra in D dimensions 

We recall how fermions are regularized in dimensional regularization [52 [ l53 t [M]. One defines the 
gamma matrices F" in D such that 

{r",r''} = 2 77'^^ (C.4) 

The chirality operator T = Y^T^ is defined as in two dimensions which implies that the Lorentz 
invariance in D dimensions is broken to iS'0(l, 1) x SO{D — 2) since 

{f,r''} = ,a = 0,3 , [f,r"] =0 , a = l,...,L>-2 . (C.5) 

We can choose a chiral basis for the gamma matrices in D dimensions by 

r° = cj^ 8) 1 , r^ = a^ (g) a , f = a^ (g) l , r" = ag <g) 7" , (C.6) 

where the gamma matrices 7'* define a basis for the Clifford algebra in D — 2 dimensions. 

In this basis the action for a Dirac fermion ^-^ = {X'^,tl}), ^ = —i['tp'^,X) can be decomposed 
as EH 



S= I d^aUxd^X + iijd^ij + 'ilj'^{p± + m)X-X{p±-m)ij'^\ . (C.7) 

This shows that this regularization preserved the notion of left- and right-moving fermions. 

Regularized chiral and Fermi propagators 

To determine the regularized propagators for (2,0) chiral and chiral-Fermi superfields, we supersym- 
metrize the action ()C.7p describing dimensional regularized left- and right-moving fermions. There- 
fore, we consider the theory 

S = - /d^f^l- f d^O+(AA + i^dj^<^] +^ f de+<^{p± + m)A- -^ f de+ {p± - m^Wil . 

(C.8) 

Coupling the superfields $ and A to the sources J and Q, respectively, gives the expression 

*5j,n= /"d^ad^e+fj— A j-iTi^- n)+ (C.9) 

J -Ud + W? J -Ud+w? 

where □£> = —d^d^ + d^. 

Now we take either <^ or A as a physical field and think of the other as regulator field and we only 
use the source $7 or J, respectively. In other words set one of the sources to zero, so that the second 
line vanishes identically and only one of the two terms in the first line survives. Hence the regularized 
form of the propagators for the Fermi and chiral superfields are ()42p and (I48p . 
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Dimensional regularized momentum integrals 

We define the following general D dimensional Euclidean integral 



If KID) 



i2\a 



nD/2 + P)na-P-D/2)(^^^.^~on^ (CIO) 



47r (m2)"-/3-i T{D/2)V{a) \ m? 

The appearance of the "i" after the second equal sign indicates that we have performed a Wick rotation 
to Euclidean momentum space. In addition we define integrals with integrands proportional q\: 

"^ 7 (27r)^^^-2 (g2 _^ ^2)a 4^ (^2)a~2 ^(a) \ m? J ^ ' 

Since these integrals exist by virtue of dimensional regularization, no pole at e = arises when 
expanding them around two dimensions as D = 2 — 2e. In particular, at the one loop level we often 
encounter the integral 

/0(^2|^)= / ,, f^\ 2 ^^ = ^r(6)(4vr4)^ = ^[- + ln4l ■ (C-12) 



e w? 
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